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Abstract
A sensory-motor system using linear functions is described by a second order differencial equa-
tion. The system behaves as danmped oscillation for the most value of gains. On the other
hand in a sensory-motor system with a time delay, we observe that the decay time becomes
longer than those for without time delay. For some values of gain, the system diverges.
In this study, we describe the defferencial equation by use of a transition matrix, and renormal-
ize the time delay into the system behavior. Gain region having stable behaviors is calculated
from the renormalization analysis.
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ʊၶɣᮾܕʊᬈʨʫʪɲʇɫ࠷᰺ᆔʊᇽʨʫʅɣʪ
[1]┆
ಢለኴʎ┄࠷኶᫙ʊɩɰʪᦥኌᜓԝʱᄍɣʪɲʇ
ʊʧʂʅ┄ᇀ੡ᆔʊႾពɶʣɸɣɪɾʀʆࠪ࠳৷ʍ
ᠳ៵ʱᜓɣ┄ɼʍࠪ࠳ˈʺ̉ᮾܕʍᐗࡷʱనʨɪʊ
ɸʪ┆
2 ᫥ᘒȲȡȈȍƹƘƟǙॠᚃᘒѨ
Ϟ·
ɣʝ┄᯦ᜓ̃˲˙˞ʍ┉ᤌ (x-ᤌʇɸʪ━ʍ؝ʩɿ
ɰʆۋᤉᦉթʱᒑɧʪ─ۑ 1בဆ━┆᯦ᜓ̃˲˙˞
ʍ x-ᤌ؝ʩʍ੿৷˸̎˷̉˞ʱ Ix┄ʝɾۋᤉធ्ʱ
ϕʇɸʪʇۋᤉᦉթఄ኏ॾʎ
Ixϕ¨ = pi(ϕ, ϕ˙, ϕ¨, · · ·) (1)
ʆɡʪ┆ɲɲʆ┄ϕ, ϕ˙, ϕ¨, · · ·ɫˑ̉ˋ̎ʆ੡ᇽɴʫ
ʪ੡ងӁՏʆɡʪ┆
1
yϕx
z
L3
3
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1
ۑ 1: x− ᤌ؝ʩʍ᯦ᜓ̃˲˙˞ʍۋᤉធ् ϕ ʇ
̃̎˕̎ 1,3ʊʧʪ୲Տ L1, L3
3 ᢤᆋᘒМǠဌƒƭᚕ௑
ɣʝ┄੡ងᜓթӟ҈ [2] piʱ ϕ, ϕ˙ʍʞʍᏺথ᫟௦
ʇϔ࠳ɸʪʇ
ϕ¨ = −CPϕ˙− CIϕ (2)
ʇಅɰʪ┆ɲʍ্Ԕఄ኏ॾʱᜓԝথॾʆಅɮʇ
d
dt
(
ϕ˙(t)
ϕ(t)
)
=
(
−CP −CI
1 0
)(
ϕ˙(t)
ϕ(t)
)
(3)
ʇಅɰʪ┆ᜓԝ Aˆ ʱ
Aˆ ≡
(
−CP −CI
1 0
)
(4)
ʇ࠳ᑵɸʫʏ┄(3)ॾʎ
d
dt
#s(t) = Aˆ#s(t) (5)
ɾɿɶ┄ၤੳ˯˅˞́ #s(t)ʎ
#s(t) =
(
ϕ˙(t)
ϕ(t)
)
(6)
ʆɡʪ┆
Aˆᜓԝʍۓಐђʎ
λ± = −γ ±
√
D
2
(7)
ʝɾ┄ϕ(t)ʎ
ϕ(t) = ϕ(0)e−γt
( γ
ω
sinωt+ cosωt
)
+
ϕ˙(0)
ω
e−γt sinωt (8)
ʇ๳ʠʨʫʪ┆ɾɿɶ┄
D ≡ C2P − 4CI (9)
༜ᜡФ௦ γ ʱ
γ ≡ CP
2
(10)
ʇ࠳ᑵɶ┄ធଶթ௦ ωʱ
ω ≡
√|D|
2
(11)
ʇ࠳ᑵɶɾ┆ɲʍពʎ D < 0ʍܬ׹ʊɾɣɸʪʡ
ʍʆɡʪ┆D > 0ʍܬ׹ʊʎ┄᎘ʎଶթɶʉɣɫ┄
ɣɹʫʊɶʅʡ CP > 0ʆɡʪᬈʩ┄ϕʍђʎ 0ʊ
༜ᜡɸʪ┆ɸʉʮʀ┄ీ᫙ᦅʫɫ࿵ɣᬈʩ᎘ʎࠪ࠳
ɸʪ┆
ตʊ┄্Ԕఄ኏ॾ (5)ʱᦥኌᜓԝ Tˆ ʱᄍɣɾེ֊
ॾʆᜟɸ┆(5)ॾɪʨ┄্ࡷీ᫙∆tʊࡩɶʅ┄
∆#s(t) = Aˆ#s(t)∆t (12)
ʆɡʪ┆ɲʫʱᄍɣʪʇ┄ీԬ t+∆tʊɩɰʪၤੳ
˯˅˞́ #s(t+∆t) ʎ┄
#s(t+∆t) = #s(t) +∆#s(t)
= #s(t) + Aˆ#s(t)∆t
= (Iˆ +∆tAˆ)#s(t) (13)
ʆɡʪ┆ɲɲʆ┄
#si+1 = #s(t+∆t) (14)
#si = #s(t) (15)
ʇᑝɬ୳ɧʅಅɮʇ (13)ॾʎ
#si+1 = Tˆ#si (16)
ʇེ֊ॾʍɪɾʀʊಅɮɲʇɫԎಿʪ┆ɾɿɶ┄ɲ
ɲʆᦥኌᜓԝ Tˆ ʱ
Tˆ ≡ Iˆ +∆tAˆ (17)
ʇ࠳ᑵɶɾ┆ʝɾ┄Iˆ ʎ֫ϴᜓԝʆɡʪ┆ɶɾɫʂ
ʅ┄ᦥኌᜓԝ Tˆ ʍۓಐђʱ ηʇɸʪʇ┄Aˆᜓԝʍۓ
ಐђʊࡩড়ɸʪђ λʎ
λ =
η − 1
∆t
(18)
ʇ๳ʠʨʫʪ┆
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4 ି᧘ᢄǚƼጳǘᡇǍ
࠷ᬫʍ੡ងᜓթ᎘ʊɩɣʅʎ┄˝̎˕ᤉᥡీ᫙ʣ
ʸ̉˭ʍᦅ८ీ᫙ʉʈ┄ీ ᫙ᦅʫɫ࿵ខʆɬʉɣ┆্
ࡷʉీ᫙ᦅʫ∆tɫɡʪܬ׹ʱ্Ԕఄ኏ॾʆᜟɸʇ┄
d
dt
ϕ˙(t) = −CPϕ˙(t−∆t)− CIϕ(t−∆t) (19)
ʇʉʪ┆
ɲʫʱᜓԝথॾʆಅɮʇ
d
dt
(
ϕ˙(t)
ϕ(t)
)
=
(
0 0
1 0
)(
ϕ˙(t)
ϕ(t)
)
+
(
−CP −CI
0 0
)(
ϕ˙(t−∆t)
ϕ(t−∆t)
)
(20)
ɲɲʆ┄Aˆ0, Aˆ1ʱ
Aˆ0 ≡
(
0 0
1 0
)
(21)
Aˆ1 ≡
(
−CP −CI
0 0
)
(22)
ʇ࠳ᑵɸʫʏ┄(20)ॾʎ┄
d"s(t)
dt
= Aˆ0"s(t) + Aˆ1"s(t−∆t) (23)
ʇʉʪ┆Գጱʇ׽පʊ┄ɲʍ্Ԕఄ኏ॾʱེ֊ॾʍ
থʊಅɬᇀɸʇ(
"si+1
"si
)
=
(
Iˆ + Aˆ0∆t Aˆ1∆t
Iˆ 0ˆ
)(
"si
"si−1
)
(24)
ʇၤੳᦥኌɫᜟɴʫʪ┆ɲɲʆ┄ଞ঒ၤੳ˯˅˞́
"s′i ʱ
"s′i ≡
(
"si
"si−1
)
(25)
ʝɾ┄ଞ঒ᦥኌᜓԝ Tˆ ′ʱ
Tˆ ′ ≡
(
Iˆ + Aˆ0∆t Aˆ1∆t
Iˆ 0ˆ
)
(26)
ʇ࠳ᑵɸʪʇ┄(24)ॾʎ┄
"s′i+1 = Tˆ ′"s′i (27)
ʇ┄ీ᫙ᦅʫɫʉɣܬ׹ʍེ֊ॾ (16)ʇ׽පʍথॾ
ʆឧᥙɸʪɲʇɫ׭ᓧʇʉʪ┆(24)ॾʊɩɣʅ┄ʮ
ɵʮɵ 2ᜓᆾʱϊɰՒɧɾʍʎ┄্ࡷʉీ᫙ᦅʫʍ
ɡʪ᎘ʱ┄ɲʍʧɥʊེ֊ॾʆᜟႻɸʪɾʠʆɡʪ┆
ɲɲʆ┄ตʍʧɥʊ্ࡷ˧˿˷̎˕ εʱᄍɣʅᜓ
ԝ Tˆ (ε)ࡶӁɸʪ┆
Tˆ (ε) = Tˆ0 + εHˆ (28)
ɾɿɶ┄Tˆ0, Hˆ ʱ┄
Tˆ0 ≡
(
Iˆ Aˆ∆t
Iˆ 0ˆ
)
, Hˆ ≡
(
Aˆ0∆t −Aˆ0∆t
0ˆ 0ˆ
)
(29)
ʇ࠳ᑵɶɾ┆Tˆ ′ = Tˆ (1)ʆɡʪ┆
Tˆ (1)ʱព೒ɸʪɾʠʍԎᆌ࿢ʇɶʅಢለኴʆʎ┄
Tˆ (0) = Tˆ0ʍܬ׹ʊʃɣʅᠳ៵ɸʪ┆ɲʍܬ׹┄ེ
֊ॾʎ
"s′i+1 = Tˆ0"s′i (30)
ʇಅɬᜟɸɲʇɫʆɬ┄Aˆᜓԝʍۓಐђ┄ۓಐ˯˅
˞́ʱໍᄍɸʪɲʇɫԎಿʪ┆ɸʉʮʀ┄Tˆ0ʍ┌ʃ
ʍۓಐђʎ┄
η′ =
1
2
(
1±√1 + 4λ±∆t) (31)
ʆɡʪ┆
ɲʍۓಐђɪʨ η
′
−1
∆t
ʍђʱ๳ʠʫʏ┄ɼʫʎ্
ࡷʉీ᫙ᦅʫɫᐴʩ᥈ʝʫɾ λ′ʍђʱੜءɸʪ┆ɲ
ʍᐴʩ᥈ʞݳ୳ʱ δ = n∆tʇʉʪʝʆᐴʩ᥏ɺʏ┄
ɼʍీɧʨʫɾλ′ʍђʎ┄ీ᫙ᦅʫ δʊࡩড়ɸʪ Aˆ
ᜓԝʍۓಐђʱੜءɸʪ┆ɼʍʇɬ┄δ = n∆t ʍђ
ʱвʂɾʝʝ┄∆t → 0, n → ∞ ʍඐᬈʱʇʂɾʡ
ʍɫ┄Үʍీ᫙ᦅʫʱ؉ʲɿ্Ԕఄ኏ॾʍពʊࡩড়
ɸʪ┆
η′ ʍͼʆ
η′ =
1
2
(
1 +
√
1 + 4λ∆t
)
(32)
ɫ᎘ʍיಹ̍ᆌ௣ʱோ᧖ɸʪʇᒑɧʨʫʪ┆ɲɲʆ
ʎ┄λ±ʍʈʀʨʍܬ׹ʆʡӉᥱɸʪᠳ៵ʉʍʆ┄ɼ
ʫʱᇄᄬɶʅቌɸ┆
Tˆ0ʍၔ৷ఄ኏ॾ
η′(1 − η′) + λ∆t = 0 (33)
ɪʨ┄ɼʍពɫ ∆tʊʧʂʅ 1ɪʨʈʍʧɥʊݳϴ
ɸʪɪ៬ʘʧɥ┆
η′ ʍ ∆tʊʧʪ┉ᬤ্Ԕʱ η˙′ ʆᜟɸɲʇʊɸʪ┆
ɲʍၔ৷ఄ኏ॾ (33)ʍ͸᥆ʱ∆tʆ্Ԕɸʪʇ┄
η˙′(1− η′) − η′η˙′ + λ = 0
η˙′ =
λ
2η′ − 1 (34)
3
ʇʉʪ┆ɣʝ┄1ɪʨʍݳϴʱᒑɧʅɣʪʍʆ┄η′ !=
1/2ʇϔ࠳ɶʅʡᕩɣʆɡʬɥ┆
ɲɲʆ┄(32)ॾʱʃɪɥʇ┄
2η′ − 1 = √1 + 4λ∆t (35)
ʉʍʆ┄
η˙′ =
λ√
1 + 4λ∆t
(36)
ɲʍɲʇɪʨ┄η′ ʎ┄∆tʍ 1ต᥎ϯʍጳېʆ┄
η′ $ 1 + η˙′∆t
= 1 +
λ√
1 + 4λ∆t
∆t (37)
ʇ┄๳ʠʨʫʪ┆Aˆᜓԝʍۓಐђʊࡩড়ɸʪᨃʱ๳
ʠʪɾʠʊ┄ɲʫʱ (18)ॾʍ ηʍϐʮʩʊᄍɣʪʇ┄
η′ − 1
∆t
$ λ√
1 + 4λ∆t
(38)
ʇʉʪ┆
ɲʍॾʍं᥆ʱ┄ʮɹɪʉీ᫙ᦅʫ ∆tɫᐴʩ᥈
ʝʫɾ Aˆᜓԝʍۓಐђʊࡩড়ɸʪᨃ λ′ = λ+∆λʆ
ɡʪʇព᧽ɸʪ┆ɸʉʮʀ┄
λ+∆λ =
λ√
1 + 4λ∆t
(39)
ʇɣɥ λ′ʍీ᫙ᆌ࢘ఄ኏ॾʇʞʉɺʪ┆ᐴʩ᥈ʝʫ
ɾీ᫙ᦅʫʱ τ ʆᜟɸɲʇʊɸʪ┆ɲʫʱ δ = n∆t
ʇʉʪʝʆ nۋɮʩ᥏ɶᄍɣʅৃʨʫɾ λ′ ʎ┄ీ
᫙ᦅʫ δʊࡩড়ɸʪ Aˆᜓԝʍۓಐђʆɡʪʇᒑɧʨ
ʫʪ┆
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ۑ 2: λ′ ʍీ᫙ᦅʫʊʧʪݳ֊┆Re(λ′) > 0ʇʉ
ʪܬ׹ʍА
ۑ 2ʊපɍʉ∆tʍђʊࡩɸʪ┄ɲʍ૜Ꮩɬʊʧʂ
ʅ๳ʠʨʫɾ λ′ʊʃɣʅቌɶɾ┆∆tʍђʱিɍʊ
ࡷɴɮɶʅɣɮʇ┄ݳ֊ʍපࠍʎͥ࠳ʍଶʪᕎɣʊ
ᗹʀᇗɮʍʆ┄λ′ ʍ∆tКࠓ৷ʎ┄יಹɶʅɣʪʇ
ᒑɧʨʫʪ┆
τ = 0ʊɩɰʪђɫీ᫙ᦅʫɫ࿵ɣܬ׹ʍ λʆɡ
ʪ┆࠷ᧅ┄ᚔᧅʇʡʊᡥʍђʉʍʆ┄༜ᜡଶթʱɸ
ʪ┆ɣʂʜɥ┄τ = δʝʆиฬɴʫɾ Re(λ′)ʍђʎ
ฬʆɡʪ┆ɸʉʮʀ┄ీ᫙ᦅʫʍ՞ೖʊʧʂʅ┄༜
ᜡଶթɫᆌ௣ଶթʊݳ֊ɶɾɲʇʱੜءɸʪ┆
ɴʝɵʝʉ CP, CI ʍђʊࡩɶʅ׽පʍឞጣʱᜓ
ɣ┄Re(λ′) < 0 ʇʉʪᮾܕʱۑ 3ʊቌɶɾ┆ీ᫙ᦅ
The map for negative value of Re(renormalized lambda)
δ=70[ms]
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ۑ 3: иฬɴʫɾ λ′ ʍ࠷ᧅɫᡥʊʉʪᮾܕۨۑ
δ = 70[ms]
ʫɫʉɣܬ׹ʊʎ┄ˈʺ̉ᮾܕʍɡʨʥʪђʊࡩɶ
ʅ੡ងᜓթ᎘ʍଶʪᕎɣʎיಹɶɾɫ┄ీ᫙ᦅʫɫ
ࠓۦɸʪɲʇʊʧʂʅ┄ᦉթɫיಹɸʪʍʎᮂणʊ
ᬈʨʫɾˈʺ̉ᮾܕʆɡʪɲʇɫԔɪʪ┆
5 ǌƶǏ
ీ᫙ᦅʫɫɡʪ੡ងᜓթ᎘ʱᦥኌᜓԝʱᄍɣʅឧ
ᥙɶ┄্ࡷీ᫙ᦅʫʱ᥸Ꮩᆔʊᐴʩ᥈ʟɲʇʊʧʂ
ʅ┄ɼʍۓಐђʍ࠷ᧅɫฬʊʉʪᮾܕɫूɫʩ┄᎘
ɫࠪ࠳ɸʪˈʺ̉ᮾܕɫᐗࡷɸʪɲʇʱቌɶɾ┆
ৃʨʫɾࠪ࠳ᮾܕʎ┄࠷᰺Ꮓೖʧʩʡၶɣ [1]┆ɲ
ʫʎ ε = 0ʇɶɾɲʇʊށɬɮКࠓɸʪʇᒑɧʨʫ
ʪ┆᥎ϯᎃ्ʱͫɱʅ࠷᰺Ꮓೖʊʧʩ᥎ɣˈʺ̉ᮾ
ܕʱ๳ʠʪɲʇɫρাʍ៨ᯌʆɡʪ┆
Ӑ᎐૭྇
[1] ෡ಢႾࡔ┄ಢᄑຸ┄ዿ┉┐ۋίᥱ໐ʍˍ˵˻̂̎
ˍ˽̉ˍ̉˳ˎʼ˶Μኢᭂ, 33 (2012).
[2] ɔࢫາ᠘ॎ̃˲˙˞ࠜ┌ ̃˲˙˞ʺ̉˜̀ˎʽ
̉ˏɕ໒ᄑ ኒ┄ۛ׺ ॓ބ ᗾ┄ࢫາಅॉ
4
